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Next : Sinusoidal AC Power Up: Chapter 3: AC Circuit Previous: Series and Parallel Resonance 

Quality Factor 

The general meaning of the quality factor Q of a circuit is the ratio between the energy stored in the 
circuit (in C and L) and the energy dissipated (by R): 



ma^mum energy stored 



energy dissipated per cycle 

We can show that this definition is the same as the Q for the series RCL circuit. The energy is stored in 
the inductor and the capacitor alternatively, and the maximum energy stored in L [ s the same as that in 

The energy store in L is: 

where i(T) = I p = \/2I TTas is the maximum or peak current through L. 
The energy dissipated in R per cycle Tg = 2^/^ = 1/ jo is: 

W R = P R T D = i;^kt 0 

Then 

We can also use the energy store in C \ 

Wc = f T v(t) i(i)dt = f T v(t)0^di = C ( Vp vdv = -CV 2 = CV 2 
Jo Ja dt Jq 2 p 

where v(T) = V p = i/^Kins is the maximum or peak voltage across C, and 
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"K™ — Irms/^pQ. Then 



„_ . czjujc* 1 

= ^/D To. 5 = , . /^n = V 



Peak Frequency and Bandwidth 

For a series RCL circuit with voltage input, the impedance is 

tol ^0 _ 1 ^2 ^0 1 

^0 Q % &2 Q 

and at resonance when & = &q = 1 / \/LC 9 we have 



2 0 = i? = A 



Consider the ratio 



As Q = U U L/R = 1/ljqCR, we substitute L/J? = Q/^ D and 1/ RC = Qte 0 into the 
equation above and get 

1 0 ^'o iiJ 
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fY/Y 0 




0 D + 5 1 1,5" 2 



AG) 

At the resonant frequency to — to D , the ratio Y/Y 0 = 1 reaches the peak, and when to is either 
lower or higher than to 0 , the magnitude ratio Y/Yq is smaller. The bandwidth is defined as 

A & 

ZXto = txJ 2 — 

where to 2 > i&i are the two cut-off frequencies (or half-power frequency) at which 
\Y/Y U \ = 1/V2 = 0.7D7 (the power is halved). This requires 



Y _ 1 ^ .to to 0 1 

Y u 1±jV to Q to ~ Q 



The two cut-off frequencies should satisfy 



tox to 0 1 to 2 to 0 1 
to D to x Q 1 to 0 to 2 Q 



Solving these two equations, we get: 
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from which we can find the bandwidth 



^ = ^-£^=^ = 20^, or A/=/ 2 -/ 1 =^ = 2C/ 0 



i.e., the bandwidth is inversely proportional to the quality factor Q . Also note that the middle point 



between toi and & 2 is b/ u = (&i + k> 2 )/ 2 = + C 2 > ^'o, i.e., ^ 2 — ^0 > k>-o — 



T: '. 

1 



In practice, Q = l/2£ is usually much greater than 1 (typically Q > 10, i.e., £ < 0.05), we have 



yl + (1/.2QJ2 - VTHhC 1 ~ 1 and 



^1 = - ^ = ^d(1 - C)i ^2 = + ^ = ^ ! d(1 + C) 
we therefore get these simple relations: 

Q 

For a parallel RCL circuit with current input, due to the duality between current and voltage, parallel and 
series configuration, the exactly same derivation of bandwidth can be carried out as for the RCL series 
circuit with voltage input, and the same conclusions can be obtained. 

Summary: 

• The resonant frequency of both series and parallel RCL circuits is completely determined by L 
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and O; tiju = l/^/LQ 9 independent of the resistance R in the circuit. 

• At resonant frequency, the impedance Z = 1/ Y of a series RCL circuit is real and reaches 

minimum and the current through the three components caused by a voltage input reaches 
maximum; the admittance Y = 1/Z of a parallel RCL circuit is real and reaches minimum and 

the voltage across the three components caused by a current source reaches maximum. 

• In series RCL with voltage input and parallel RCL with current input, the quality factor Q is 
proportional to the ratio between L and C : 

The resistance R plays a different role: in series RCL, Q & is inversely proportional R (the 

larger R 9 the smaller Q s , the more energy lost and the wider bandwidth), while in parallel RCL, 

Q v is proportional to R (the larger R, the larger Q P , the less energy lost and the narrower 
bandwidth). 

• At resonant frequency, the impedance of a series RCL circuit reaches minimum, consequently the 
current I reseaches maximum and so does the voltage across the resistor Vr = 1R . However, 

the voltage across the inductor = reaches maximum at a frequency slightly higher than 

the resonant frequency as = jtuL is proportional to ^ , and the voltage across the capacitor 

= TlZq reaches maximum at a frequency slightly lower than the resonant frequency as 

Zq = is inversely proportional to ^. 
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Example 1: 

A series RCL circuit composed of an inductor L = SOfiH and R = SO and a capacitor C is 

connected to a voltage source. Find the value of O for this circuit to resonate at f = 400 kHz, also 
find the bandwidth. 



1 ^ 1 



LC 



The quality factor is 



The bandwidth is 



Q = 



ulL (2tt400 x 10 3 ) 2 x 80 x 10~ 5 



LjnL 2tt4QQ x 10 3 x 80 x 10" 5 



= 20nF 



R 



8 



25 



/o 400 X IP 3 
J J1 Q 25 
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Example 2: 



In reality, all inductors have a non-zero resistance, therefore a parallel resonance circuit should be 
modeled as shown in the figure. 





The admittance is: 



„, , 1 . - R-jioL + jLjCllF+u 2 !/) 



R + juL 



R 2 + u 2 L 2 



As frequency to appears in the real part i?e[]K(to)] as well as in the imagineary part Im\¥ (to)] , the 
resonant frequency that minimizes \Y (to) | has to be found by 



\Y(cj)\ = 0 



However, when the quality factor Q = to^L/ R associated with the non- ideal inductor is large enough 
(Q > 20), all previous discussed relations for ideal inductors still hold, and the resonant frequency to 0 
can still be found approximately by the previous approach of letting /m[K(o;)] = 0: 



hj 0 L = ujqC(R + Ll/IL ) 



I 1 ,R* n 



For tog to be real, we must have 



1 /-Rvo 



iA R < ^ 
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Typically we have R <C y'L/C. and the resonant frequency is 



; 1 f R \,~ 1 



Note: For the same reason, when considering the transfer function of a series RCL circuit when the 
output is the voltage across either C or L, the peak frequency (jJ p is not exactly the same as the 

resonant frequency Uq 5 which only minimizes the denominator, but the numerator is still a function of 

& . Only when the output is the voltage across R (i.e., the numerator is R, no longer a function of & ), 
will the resonant frequency Ld® be the same as the peak frequency. 
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